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ABSTRACT. We consider the notion of meromorphic Whitney multifunction
solutions to ffs = fy, which yields an enhanced version of the Dolbeault
Henkin characterization of boundaries of holomorphic 1-chains within CP2.
By analyzing the equations describing meromorphic Whitney multifunction
solutions to ffs = fy and by creating some generalizations of certain linear
dependence results, we show that a function G may be decomposed into a
sum of such solutions, modulo £-affine functions and with a selected bound
on the degree of such sum, if and only if G¢¢ satisfies a finite set of explicitly

constructible partial differential equations.

1. INTRODUCTION

Dolbeault and Henkin introduced a characterization of boundaries of holomor-
phic 1-chains within CP", with a subsequent expansion to a characterization of
boundaries of holomorphic p-chains within CP™ [4], [5]. At the heart of their gen-
eral result, both in proof and in essence, is the case of boundaries of holomorphic
1-chains within CP?.

Roughly speaking, the Dolbeault Henkin characterization is expressed in terms
of the “holomorphic shockwave decomposability” of a particular integral function.
Specifically, a closed, oriented, C? 1-chain ~ contained in C2 c CP? bounds a
holomorphic 1-chain within CP? if and only if there exists some point (&%,n*) in

Uy == {(&n) | sptyN{z = £+ nz} = 0} about which the function G4(§,7n) =

1 f d(z2—nz1)
2mi Jy zo—E&—nz1

linear combination of germs of holomorphic solutions to the partial differential

can be locally decomposed, modulo &-affine functions, into a Z-

equation f, = ffe [4], [5]. Work by Dinh extends this result to the case where 7 is
a rectifiable 1-current whose support satisfies a condition called A; [3].
In the proof of the above, one discovers that a multiset of germs of holomor-

phic solutions to f;, = ffe at (§*,17*) can be used to encode a local portion of a
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generic positive holomorphic 1-chain near the line zo = £*41*2z;. However, positive
holomorphic 1-chains with local components that intersect the line zo = £* + n*z;
non-transversally or at infinity are examples that cannot be encoded by this ap-
proach. If v bounds a holomorphic 1-chain within CP?, then G is holomorphic
shockwave decomposable, in the sense of the above paragraph, about (£*,n*) for a
generic point (£*,7*) in U,, but not for every (£*,7*) in U, in general. So, with
the above type of shockwave decomposability, one must either concede to permit-
ting genericity in the choice of the point (£*,7*) or to only detecting holomorphic
1-chains bounded by v that satisfy certain generic restrictions near zo = £* +n*2;.
(Such restrictions are generic among the collection of all holomorphic 1-chains.
However with (£*,n*) fixed, one can readily construct examples of v that bound
holomorphic 1-chains, but none of which satisfy such a restriction.)

It would be ideal to have full freedom to fix the point (£*,7*) in U, while
allowing general holomorphic 1-chain behavior near the line zo = £* + n*2z;. We
may accomplish this by using meromorphic Whitney multifunction solutions to f, =
f fe instead of unramified holomorphic solutions. As we will show, meromorphic
Whitney multifunction solutions to f,, = ff¢ can be represented as the roots to a
¢-polynomial Py(&,n)¢N — Pi(&,m)¢" 1+ -+ (=1)V Py (&,n) where Py, P1,..., Py
satisfy the refined h.s.w. equations

(L.1) Po[(Prta)e + (Pr)n] = Prl(Pr)e + (Po)yl; for 1 <k <N, and (B =0,

with the occurrence of Py treated as 0. Also, one can prescribe a canonical way
to choose the functions Py, Py, ..., Py, which we show at the end of Section 4.

Related to this, for N > 0 we say that u(&,n) satisfies condition (xx) if there
exist Py, Py,..., Py satisfying

(12) (Pk+1)§ + (Pk)n =uPy, for 0 <k <N, and (Po)§ =0.

with Py is regarded as zero. (Notably, this implies that pe = Dg (%)) The

Dolbeault Henkin characterization within CP? can be adapted as follows.

Theorem 1.1. Let v be a closed, rectifiable 1-current whose support is contained
in C* C CP? and satisfies condition A;. Let (€*,n*) € Uy. Then v bounds a
holomorphic 1-chain with finite mass within CP? if and only if there exist closed,
rectifiable 1-currents v+ and v~ , with no identically oriented arc common to both,
such that v = vt —~~ with p*(&,n) := DG+ (€,m) and p= (€,1) := DG (€, 1)
satisfying condition (xy+) and (xx-), respectively, in a neighborhood of (£*,n*),

for some non-negative integers N+* and N~.

Remark: There exist v+ and +~ satisfying this theorem for a fixed Nt and
N~ if and only if v bounds a holomorphic 1-chain with finite mass within CP?
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that has at most N positive intersections and N~ negative intersections, counting
multiplicity, with the line zo = £* + n*2;.

It is natural to inquire about the practicality of determining when G, is shock-
wave decomposable. Towards this end, we examine condition (xx). (The equations
in (1.2) have some intriguing features that may draw independent interest from
the vantage point of integrable systems.) As may be seen, p satisfies condition
(%) if and only there exists a solution to a particular overdetermined system of
partial differential equations involving . We show that this is equivalent to pg
satisfying a particular set of partial differential equations that depends on N. This
is expressed in Theorem 6.7, a special case of which is given below. (The following
employs some definitions that will be given in Section 3 and Section 6. For now we

WTN-,UN

simply remark that Wy (Mpy) is an modified form of a generalized Wronskian,

indexed by Young diagrams of size (N ;r 2) denoted by Y, and that it is purely a

partial differential expression of pe.)

Theorem 1.2. Let p be a germ of a holomorphic function about a point (£*,n*),
and let N be a non-negative integer. The function p satisfies condition (*y ) if and
only if W}?N’UN (My) =0 for each Young diagram'Y of cardinality (N;2).

We briefly note some consequences of these results. For one, consider the col-
lection of = that bound a holomorphic 1-chain V' such that V intersects the line
zo = £* + n*z1 only positively and with total degree at most N. As a consequence
of the previous theorems, this collection of v can be characterized by a finite set of
explicit partial differential equations on DEGW.

Also, if v is a closed, finite 1-chain ~ with finitely many self-intersections, then
there are only finitely many potential ways that v can be decomposed into v —~~
with vt and 4~ having no comman arcs. Let {7;} be a finite family of subcurves of
~ that generates all of the simple closed curves in 7. So we can characterize whether
such a v bounds a holomorphic 1-chain V', with separately prescribed bounds on
the degree of positive and negative intersections between V and zo = £* 4 1™z,
using a finite number of partial differential equations on {D?Gw }.

In Section 2 we present some preliminaries and notation. In Section 3 we gen-
eralize a result originally regarding linear dependence into a broader differential
equation context. We introduce holomorphic and meromorphic Whitney multi-
function solutions to the shockwave equation f, = ff¢ in Section 4, deriving the
relevant formulae there. In Section 5, we establish the ensuing extension of the Dol-
beault Henkin characterization of boundaries of holomorphic 1-chains within CP?.
We examine our extended notion of shockwave decomposability, yielding proofs of
Theorem 1.1 and Theorem 1.2, in Section 6 with some details relegated to the

appendix.
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2. PRELIMINARIES AND AUXILIARY RESULTS

2.1. Some Relevant Function Algebras and Definitions. Let ,,O denote the
sheaf of germs of holomorphic functions on C™ and let ,, M denote the sheaf of
germs of meromorphic functions on C™. For our purposes, it makes sense to regard
CP as a single isolated point and to treat (@ and M as the sheaf of complex
constants. For the time being we fix m > 1 and omit the pre-subscript denotation.

For a domain Q in C™, O(Q) = I'(Q2, O) denotes the ring of holomorphic func-
tions on Q. And for a non-empty, connected, compact set K in C™, O(K) =
I'(K,O) denotes the ring of germs of holomorphic functions on K. The field of
meromorphic functions on £ and the field of germs of meromorphic functions on
K are denoted M(Q) (=TI'(Q2, M)) and M(K) (=T'(K, M)), respectively. On the
local level, it holds by definition that M,, equals the fraction field of O,, i.e. ff(O)).
If Q, resp. K, is Stein, then this algebraic statement also holds in a more global
sense, namely M(Q) = ff{(O(Q)), resp. M(K) = ff(O(K)) [15](Theorem 8.19).

For a point p € C™, the ring O, is a Noetherian, unique factorization domain
[9]. It also holds that O(K) is a Noetherian, unique factorization domain for a
broad range of compact sets K [7], [17], [2]. For instance, it is sufficient to let K
be a compact, semi-analytic, Stein set in C™ such that H?(K;Z) = 0; e.g. a closed
polydisk will do.

Let O = ,,_10 and M’ = ,,_1 M. The sheaves O’ and M’ have natural,
respective inclusions in @ and M. So we may define the sheaf M’O, which is
equivalent to the localization (O'\{0})~1O.

Let (7,€) = (M1,m2y -« -« s Mn—1, M. = &) be the coordinates for C™, and let (7, £*)
be a fixed point in C™. We say that a non-empty, compact set K is Cauchy-viable
with respect to & = £* if each non-empty slice of the form K N {7 = 7}, for
o € C™~1 contains the point (7o, £*) and possesses a neighborhood basis of simply
connected domains. (If m = 1, then we simply mean that K contains £* and has a
neighborhood basis of simply connected domains.)

Assume that K is a non-empty, connected, Cauchy-viable, Stein, compact set,
and let K = {fj € C™~! | (77,¢*) € K}. Under this assumption, ©’'(K) and M'(K)
have natural, respective inclusions in O(K) and M(K). Also it holds that M'O(K)
(= (K, M’0)) can be identified with {g/h € M(K) | g € O(K),h € O'(K)\{0}},
based on arguments such as Theorem 8.19 and Lemma 8.5 of [15].

The following observations motivate the previous definitions and will be use-
ful later on. For f = g/h € M'O(K), with ¢ € O(K) and h € O'(K)\{0},
JE 17,6 dg' = (f£ g(i7,€') d€')/h(if) yields a well-defined element of M'O(K).
(This integral is not so well-behaved on general elements of M (K), as one may see
with examples such as 1/£.) Also if u € M(K) and Deu = f for some f € M'O(K),
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then @(7) := u(7f, £*) defines an element of M’(K), i.e. ji # oo, and u € M'O(K).
Furthermore, for any f € M'O(K) and g € M'(K), there is a unique solution
u € M'O(K) to the initial value problem Deu = f and ule—¢- = g.

2.2. Matrix and Indexing Protocol. If M is a matrix with rows indexed by a
finite ordered set A and columns indexed by a finite ordered set B, we call M a
A x B matrix. For a € A and 8 € B, we use the notation M’ to refer to the
entry row-referenced by a and column-referenced by 3. (For matrices with one row
or one column, we may drop the trivial index from the notation.) For a A x B
matrix M and a B x C matrix L, the matrix product M L satisfies the equation
(ML) = > peB Mng7 for « € A, v € C. For A x A matrices, the notions of
triangularity and strict triangularity can be defined. We say that M is lower (resp.
upper) triangular if Mg? = 0 whenever a; < o (resp. az < 1), and we say that
M is strictly lower (resp. upper) triangular if M$? = 0 whenever a; < o (resp.

(65)] j al).

3. A GENERALIZATION OF CERTAIN RESULTS ON LINEAR DEPENDENCE

In this section, our interest centers on the space of the type

m
(3.1) ker ¢ M (1) ker(Dy, — 4;),
j=1

where ¢ is a row matrix and A; are square matrices, both with entries being func-
tions of 71,...,Mm, subject to certain requirements and relationships. In other
words, this is the space of mutual solutions to a linear equation and certain sys-
tems of ordinary differential equations. Among other things, we develop a means
for determining when such a space is non-trivial.

While the results in this section are much more general, they are specifically
motivated by the space ker My Nker(Dg — An) Nker(D,, — By) that is introduced
in Subsection 6.1. Also, this section is a generalization of the results and techniques
presented in an article on linear dependence [19]. Note that the space of linear
relations among entries of a row matrix ¢ is simply ker ¢ N ﬂ;n:l ker D, which
corresponds to the special case where each A; is zero in (3.1).

Let (7,€) = (M, s Nm—1,Mm = &) denote coordinates for C™. For the first
portion of this subsection, specifically Lemma 3.1 through Lemma 3.4, we assume
that K is a non-empty, connected, Stein, compact set in C™ and that K is Cauchy-
viable with respect to £ = £*. Let K = {fj € C™~' | (77,£*) € K}.

Let A be a N x N matrix with entries in M’O(K). Define T to be the operator
acting on 1 x N matrices with entries in M(K') such that T'(¢) = D¢(v) + 9 A. For
f e M(K), T satisfies the Leibniz-like identity

(3.2) T(fy) = feb + [T ().
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Also, for a column vector @ in M(K)¥, it holds that
(3.3) De(4p0) = T(¥)0 + ¢p(De — A)T.

Let {¢o} denote some (possibly infinite) collection of 1 x N matrices with entries
in M'O(K). Let N'(¢) = 52 ker TV (¢p) € M(K)N, and let N' = Na N (¢q). Using
(3.3), we see that kery Nker(De — A) C ker T'(¢), and so

(3.4) Na ker ¢ Nker(De — A) = N Nker(De — A).

Now suppose that A = ST!LS for some N x N matrices S and L such that

S € GLy(M'(K)) and L is strictly lower triangular with entries in M’'O(K). One
useful property of N is the following.

Lemma 3.1.
(3.5) N = (N Nker(Dg — A)) @ ) M(K).

Proof. By a change of variable it is sufficient to consider the case A = L. The
right-hand side of (3.5) is tautologically contained in N. For the reverse inclusion,
it suffices to show that A has a M(K) basis contained in ker(Dg — A).

Let {1, v2,...,0x} be a M(K) basis for N. By reducing this basis “from the
top” we may assume that there exist ¢; < fo < --- < {} such that for each j,
(ﬁj)ej =1 and (v;), =0 for £ < ¢;.

Note that (D¢ — A) maps N to itself, as (3.3) shows that T7(¢,)(De — A)T =
D¢(T?(¢po)¥) — TP (¢o)0. By the strict lower triangularity of A and the reduced
form of the basis, it holds that (D¢ — A)¥; € span gy {¥j+1, ..., Uk} In particular,
(De—A)7, = 0. So thereexistsa j < k—1andat > j+1 such that (De—A)7; =0
for j +1<j' <k and (D¢ — A)U; € span {0, ..., Uk}

As (Uj),, =1 and D¢(v), = Zf;;j A} (0;), for £; < € < £, we may inductively
conclude that (7;), € M'O(K) for £ < {;. Thus there exists a A € M'O(K)
such that \¢ = ng: A (), Let W = ¥ + (A — (Uj),,)Vt, and observe that
((Dg — A)w), = 0. In replacing v with @, we preserve {v1,..., v} as a M(K)
basis of N, yet (D¢ — A)U; € span ) {Ti41,- .-, Uk} (or (Dg — A)0; = 0 if t = k).
By induction in ¢ and j, we produce a M(K) basis for N contained in ker(D¢ — A).

(I

Let R be the fundamental matrix of the vector differential equation (D¢—A)7 =0
normalized at £ = £*, i.e. R is the unique solution to the matrix Cauchy problem
R¢ = AR and R|¢—¢- = Id [1](pp. 1-2). So, for a column vector @ in M'(K)V,
¥ = R gives the unique solution to the vector differential equation (Dg — A)7 = 0
with Cauchy data #le—g- = @. Thus @ — R is a M’(K) isomorphism between
M (K)N and ker(Dg — A) € M(K)N with the inverse being the map o+ ¥¢—¢-.
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Lemma 3.2.

(3.6)
() () ker ((T7(¢a))le=e-) VM (E)N | = () [) ker(T? (¢a)) N ker(Dg — A)
a j>0 a §>0
Proof. Let @ € M'(K)N. Since (T7(¢a) Rw)’g o= = (T9(¢a )|£ ¢ Wand De(T? (¢po) RW) =

Ti*Y (¢ )R, it follows that (DéC (17 (qﬁa)Rw))‘ = (T7+*(¢q )|§ ¢ W for
§=¢"
4,k > 0. From this, the forward inclusion follows.
The reverse inclusion follows by simply employing the inverse of R and by using
the equation (T7(¢a))|€:£* W= ( I(¢a) Rw)|g e
O
Let B be a N x N matrix with entries in M'O(K), and let B = Ble—¢-. Define
the operator U by U(¢) = D,,, ,% + B, which satisfies properties analogous to

(3.2) and (3.3). Also suppose that there exist indices a1, ..., aq and N x 1 matrices
Q1, ..., Qq with entries in M(K) such that

(3.7) [De — A, Dy, _, — Bl =Y Qi¢a,.
=1

Lemma 3.3.

M ker ( (T (¢a)] 6:g) Nker(D,, , — B) N (M/(K)N

a j>0

=) ker 77 (¢a) Nker(Dy,,_, — B) Nker(Dg — A)
a j>0
Proof. Let w € M'(K)N. By Lemma 3.2 and since (D, ,—B)&@ = (D
it follows that the right-hand side is contained in the left-hand side.
To show the forward inclusion, let R be a member of the left-hand side. From
Lemma 3.2, it follows that ¢, Rw = 0 for all a. Thus

Nm—1 B)Ru_j) ’525*’

q

(3.9) (D¢ — A)(Dy,,_, — B)Rw = (Dy,,_, — B)(D¢ — ARG + Y Qipa, Rl = 0.
i=1

Since (D,,, , — B)Rw € ker(D¢ — A), we may use the inverse of R to see that

(3.10)  (Dy,_, — B)R& = R ((Dy,,_, — B)R®)|,_.. = R(Dy,,_, — B)@ =0.

For a N x 1 matrix ¢ with entries in M(K), one may easily calculate that
q

(3.11) U(T () = T(U(¥)) = ¢[De — A, Dy, — Bl = > _($Qi) -

i=1
A generalization of this is the following.
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Lemma 3.4. Let ¢ be a N x 1 matriz ¢ with entries in M(K), and let j, k >
1. UK(TI(p)) — TI(U*()) is contained in the M(K) span of terms of the form
T3 (U (¢a,)) (or U (T7 (¢a,))) with1 <i < q, 0 < j <j—1, and 0 < k' < k—1.

Proof. Equation (3.11) gives the lemma in the case j = k = 1.
Assume that the lemma holds for 1 < j < jg and 1 < k < kg for some jg, kg > 1.
Note that

(3.12) [0 (Tj°+1(¢)) _ Tjo+1(Uko (¥))
= (UMT — TU™)(T% () + T((UR T — THU*)())),

and

(3.13) UMTH(TI(y)) — TIo (UM T (1))
= (UT% — TPU)(U* () + U((U* T — TPU™)(1))),

Consider the right-hand side of (3.12). By the induction hypothesis, we see that
the first term is in the M(K) span of terms of the form U* (¢,,) for 0 < k' < k—1,
and, by also using (3.2), we see that the second term is in the M(K) span of terms
of the form T9' (U¥ (¢4)) for 0 < j" < jo and 0 < k' < ko — 1.

Now consider the right-hand side of (3.13). Similar to before, the first term
is in the M(K) span of terms of the form T9' (¢,,) for 0 < j/ < jo — 1. The
second term, by way of (3.2) and a recursive, more protracted application of the
induction hypothesis, is in the M(K) span of terms of the form 77 (U (¢,)) for
0<j <jo—1and 0 <k <k

In order to use the terms U* (T7'(¢,,)) in place of T3 (U¥ (¢a,)), simply apply
the established portion of the lemma with 7" and U interchanged.

(I

For the remainder of this section, suppose that K is a compact Stein set contain-
ing (17,13, .,m5,) such that Kj == {(n1,...,7;) € CT [ (1,0 miyrs -5 ) €
K} is Cauchy-viable with respect to 7; = nj for 1 < j <m.

For 0 < j < m — 1, define Ej; to be restriction by mj+1 = 17,1, Mm = 1,
(Define E,, to be the identity operator.) Thus E; is a well-defined map from
M O(K) to ;M(K;). We administer the action of E; entry-wise when it is
applied to vectors or matrices.

For 1 < j < m, let A; be a N x N matrix with entries in ;1M ,,O(K)
such that E;(A;) = S;leSj for some N x N matrices S; and L; with S; €
GLN(j—1M(K;_1)) and L; strictly lower triangular with entries in ;_1 M ;O(K}).
Define the operators T; (1)) = Dy, v+ A;. Let {¢o} be a family of 1 x N matrices
with entries in ,, O(K). Suppose that there exist indices oy, ..., a4 and N x 1 ma-
trices Qs ;1 with entries in ,,O(K) for 1 <i < gand 1 < j, k < m such that [D,, —
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Aj, Dy, —Ai] = Zi Qi jkPa,;- Let N@) = ﬂjl,“,ﬂ'tzo ker Et(Tgt(' o T2jQ (lel () )N
(MK

Theorem 3.5. With the definitions and assumptions given in the immediately

preceding paragraphs, it holds that

(3.14) () mN (¢a) = | [ ker ¢ N () ker(Dy, — 4;) | ®c mM(K)
e} e} Jj=1

Proof. We will proceed using induction. Assume that

(3.15) () eN(Er(da)) = [ [ )ker Ee(¢a) N ﬂ ker(D,, — Ey(Aj)) | ®c eM(Ky),

with 1 <¢ < m. (The base case t = 1 is an immediate consequence of Lemma 3.1
and equation (3.4).)

Let £ = m41. Let R denote the fundamental matrix for (D¢ — Eyyq(Ai41))T
normalized at £ = £*. Using Lemma 3.1, Lemma 3.2, and Lemma 3.4, it holds that

(3.16) Na t11N(Eri1(da))
= (Na t+1N (Etg1(¢a)) Nker(De = Ery1(Ar41))) © mixy) 41 M (K1)

=R (ﬂa Mj>0 tN(Et(thﬁ(%)))) @, M(K,) t+1 M (K1)

By applying the inductive hypothesis to the larger family {Et(il’fjﬂ(qzﬁa))}aj and
by Lemma 3.3 and equation (3.4), the above equals

(3.17) R (ma Njzo ker(By (T, 1 (¢a))) N ALy ker(D,), — Ey(A;)) N tM(Kt)N)
®c t+1M(Kit1)
= (Naker Ery1(da) NOGE ker(Dy, — Bra (A7) N ea M(Ki1)™)
®c t+1M(Kiy1)

By induction, (3.15) holds for ¢ = m, thus the proof is complete.
([l

We carried out the previous results for a general family of 1 x N matrices {¢q}
because it actually facilitates the proof of Theorem 3.5. However Theorem 3.5 in
the case where the family {¢,} simply consists of a single 1 x N matrix ¢ is the
main item of interest in our present application.

Notably, Theorem 3.5 implies that ker ¢N ﬂ;nzl ker(D,, — Aj) is non-trivial if and
only if ,, N (¢) is non-trivial. While ,,N'(¢) is defined as the common null space of
an infinite set of linear functionals dependent on ¢, we will show via Theorem 3.6

that it can be calculated using only a finite subset of these linear functionals.
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The following notation and definitions are adapted from [19]. Let 7 = T™
denote the set of multi-indices, i.e. the set of m-tuples of non-negative integers.
We consider lexicographical ordering on 7, using o < (3 to denote that « equals
or lexicographically precedes 5. We also may define the partial ordering <, saying
(@1, am) < (b1,...,by) if and only if a; < b; for all j.

We say that a subset A of 7 is Young-like if § < o for a € A and § € T implies
that 5 € A. A Young-like set corresponds to a m-dimensional partition with entries
bounded by 1.

For a = (a1,...,am) € T, we define T*(¢p) = Tm (- - T2 (11 (¢)) - -+ ). For A C
T, we define Ny (¢) = e ker T%(¢) € M(K)N. (If A is Young-like, then N4(¢)
also equals (N, e ker TT* (T5% (- Ti (¢) -+ ), owing to Lemma 3.4.) For a
finite subset A C 7, we use Ma(¢) (or M3 (¢) should we wish to clearly
identify Ty,Ts,...,Ty) to denote the matrix with rows given by {T%(¢)}aca,
listed in lexicographical order. Thus N4(¢) is the null space of Ma(¢). If A has
cardinality N, then let Wa(¢) = det M4(¢) (and likewise let W32 "m () =
det M VT2 Tm ().

The following is an generalization of Lemma 3.2 of [19], with the proof following

in the same spirit.

Theorem 3.6. For a given 1 x N matriz ¢, there exists a Young-like set Y C T
with cardinality at most N, such that Ny (¢) = N7 ().

Proof. Let So = {f €T |f <a}andY = {a € T | Ns, # Ns,u{a}}. Since
Ns,U{a} is a proper M(K) vector subspace of Ng, for v € ¥ and since N, C N,
when o < (3, we see that Y must have cardinality at most IV, as otherwise there
would exist an o € 7 such that N, had negative dimension.

We claim that Ny C Nsau{a} for all « € 7. This may be shown by induction.
Let 3 € T and assume that the claim holds for all o < 3, which implies that Ay C
Na<pNs,ufa} = Ns,. Since Ny C kerTP(¢) if f € Y and since Ns, = Ns,ui8}
if 8¢ Y, it follows that Ny € Ng,us}- So the claim holds, and so it follows that
N Yy = NT~

Now let « € T\Y, € T, and a < 3. As a ¢ Y, it follows that there exist
¢y € M(K) for v € S,, only finitely many being non-zero, such that

(3.18) T(0) = Y T (9).
YESa
In light of Lemma 3.4 and relations in the form of (3.2), we may apply 77~ to
this equation to see that T7(¢) is a M(K) linear combination of the elements of
{T7(¢)},es,. Thus Y is Young-like.
(]
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Note that a Young-like set with cardinality less than N is contained in some
Young-like set of cardinality exactly N. So Theorem 3.6 yields the following two

corollaries.

Corollary 3.7. For a 1x N matriz ¢, N7(¢) is non-trivial if and only if Wy (¢) =0
for every Young-like set Y of cardinality N .

Corollary 3.8. Let Y denote the union of all Young-like sets of cardinality N. Y
is a Young-like set of finite cardinality at least N and N5 (¢) = N7 (o) for all 1 x N

matrices ¢.

Coupling either of these corollaries with Theorem 3.5 would produce criteria
for characterizing those ¢ for which ker ¢ N ﬂ;”zl ker(D,, — Aj;) is non-trivial. For

instance, we may form the following from Theorem 3.5 and Corollary 3.7

Corollary 3.9. With the assumptions of Theorem 3.5 and with ¢ being a 1 X
N matriz with entries in ,O(K), there exists a non-trivial element in ker ¢ N
ﬂ;"zl ker(D,, — Aj;) if and only if Wy (¢) = 0 for every Young-like set Y of cardi-
nality N.

4. MEROMORPHIC WHITNEY MULTIFUNCTION SOLUTIONS TO THE SHOCKWAVE
EQUuATION

Consider the equation

(4.1) fle = Iy,

for a complex function f on a domain in C? with coordinates (£,7). For simplic-
ity, we will refer to (4.1) as the shockwave equation. (This equation can also be
described the complexified, sign-flipped Burgers equation without viscosity, with &
corresponding to the space variable and 7 corresponding to the time variable.)

A complex multifunction on X, in the sense of Whitney, or a complexr Whitney
multifunction on X, is a map from X to Cf},, for some m, where CJ},, denotes

the mth symmetric set power of C [22]. (One could also view elements of C{},,
as positive divisors on C with degree m.) Complex Whitney multifunctions have a

natural correspondence with the (-root systems of the polynomials
(4.2) V=@M (D) NVen (),

where e;(z) is a function on X giving the jth elementary symmetric function of
the outputs of the Whitney multifunction. A holomorphic Whitney multifunction
on X is a complex Whitney multifunction whose elementary symmetric functions
are holomorphic over X. So there is natural correspondence between holomorphic

Whitney multifunctions and Weierstrass polynomials.
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Terminological Note: The term multifunction is often used to denote any set-
valued function, which is different from a Whitney multifunction. Likewise a holo-
morphic multifunction, as it is customarily defined, differs from a holomorphic
Whitney multifunction. Somewhat related to a holomorphic Whitney multifunc-

tion is an algebroid multifunction on X, which denotes a set-valued function of the

form
(4.3) F(z) ={Ce C|¢"+ar(@)(" ™+ +an(z) = 0},
where a1, as, ..., a, are holomorphic functions on X. However even this differs from

a holomorphic Whitney multifunction, for an algebroid multifunction treats the
roots as a set without regarding multiplicity. For example, let f(z) be a holomorphic
function, then ({— f(x)) and ({— f(x))? produce two distinct holomorphic Whitney
multifunctions, yet they correspond to the same algebroid multifunction.

We say that e, es, ..., en satisfy the multi-shockwave system of equations if
(4.4) (e1)eer — (ert1)e = (ex)n, for 1 <k <N,
where ey 1 is regarded as 0. This definition stems from the following.

Lemma 4.1. Let fi, fo,..., fn be continuous functions defined on a domain 2.
Let e, be the kth elementary symmetric function of fi, fa,..., fn. The following
are equivalent.
(1) The functions fi, fa, ..., fn are holomorphic and each satisfy the shockwave
equation (4.1) on Q.
(2) The functions ey, ea, . ..,en are holomorphic and satisfy the multi-shockwave

system of equations (4.4) on Q.

Proof. Assume 1. The functions {e;} are clearly holomorphic and the multi-

shockwave equations follow since

(4.5)
N
(e1)eer — (ent1)e = Z Zfil S (fe)e — Z Z fir =+ Jir (fe)e
i< - <ip £=1 11 << Zg{il,.“,ik}
= > S Uik Jo fin = (ex)n-
1< <ip L€{iy ... ik}
Now assume 2. The functions fi, fo,..., fn are roots of the polynomial
N
(4.6) Mo+ () Ven = [ )
j=1

and are holomorphic, due to the holomorphicity of e, es,...,en, [22] (pg. 27,
Theorem 9D).



EXTENDED SHOCKWAVE DECOMPOSABILITY 13

Let (€*,7*) be an arbitrary point in Q. Let f; = fj|y=y- and &, = ey|;=y~, which
are holomorphic functions of ¢ on @ = QN {n = n*}. By the Cauchy-Kovalevski
Theorem [8](pg. 16), there exist holomorphic functions Fy, Fs, ..., Fi satisfying
the shockwave equation on some neighborhood Q' of (£*,7*) in £ with the initial
condition Fj = f; on QN Q. Let Ej be the kth elementary symmetric function of
Fy, Fy,..., Fy. It follows by (4.5) that Ey, Es, ..., En satisfy the multi-shockwave
equations. Since Ej, = &, on QN Y, it holds, due to uniqueness in the Cauchy-
Kovalevski theorem, that E; equals e; on € for every j. Consequentially, each f;

equals F; and so satisfies the shockwave equation. ([

Holomorphic Whitney multifunctions are locally unramified away from the set of
branch points, which is an analytic set with complex codimension one. So it is alto-
gether fitting to say that holomorphic solutions to the multi-shockwave equations
represent holomorphic Whitney multifunction solutions to the shockwave equation.
(Note: A like form of the multi-shockwave equations, involving (—1)¥e;, instead,
has also been developed in [12](Lemma 16), though specifically in the case of a
non-trivial discriminant, i.e. the case of an algebroid multifunction solution.)

For the notion of meromorphic Whitney multifunction solutions to the shockwave
equation, we consider the elementary symmetric functions (e1,es,...,en) in the
homogeneous (or projective) form [Py : Py : --- : Py], where ey is corresponds to
Pi./Py. We say that Py, P, ..., Py satisfy the general homogenized multi-shockwave
system of equations or the general h.s.w. system of equations, for the sake of

conciseness, if

(4.7)  Po[(Pr+1)ePo — Pet1(FPo)e + (Pi)y Fo]
= Pk[(P1)§P0 — Pl(Po)g + (PO)nPO] for 1 < k < N,

where Py 1 is regarded as 0. The justification for this definition is the following.

Lemma 4.2. Letey, e, ..., en and Py be functions defined on a domain Q. Assume

that Py is not identically zero and let P, = exPy. The following are equivalent.

(1) The functions e1,ea,...,en and Py are holomorphic and ey, ea, ... ,en sat-
isfy the multi-shockwave system of equations (4.4) on Q.

(2) The functions Py, Py,..., Py are holomorphic, Py divides each function
P; within O(Q), and Py, P1,..., Py satisfy the general h.s.w. system of
equations (4.7) on Q.

Proof. Tt is clear that ey, eq, . ..ex and Py are holomorphic if and only if Py, Py, ..., Py
are holomorphic and each P;, for 1 < j < N, is divisible by Py in O(€2).
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Completion of this proof only requires the calculation
(7). 7~ (%), (%)
Fo )¢ Po B Je \P/,
= ((P1)ePo — Pi(Po)e)Pr — ((Prt1)ePo — Pug1(Po)e)Po — ((Pr)yPo — Pi(Po)n)Po
= Pi[(P1)ePo — Pi(Po)e + (Po)n o] — Pol(Prt1)ePo — Pry1(Po)e + (Pr)nFol-

Py

O

In analogy to the homogeneous coordinates for projective space, let [Py : Py : -+ :
Py] denote the equivalence class in O(2)N¥+1\{0} under the equivalence relation ~
where (Py, P, ..., Pn) ~ (Qo,Q1,...,Qn) if there exists a meromorphic function A
not equivalently zero such that Q; = AP; for 0 < j < N. (One could also consider
the corresponding equivalence class in M(Q)VT1\{0}.) As one may verify, it is
well-defined to say that [Py : Py : --- : Py] satisfies (or does not satisfy) the
general h.s.w. equations, according to whether any or every representative of the
equivalence class does.

Assumptions on K: For the duration of this section we assume that K is a

compact set containing a point (£*,1*) such that

(a) O(K) is a unique factorization domain,
(b) non-empty slices of the form K N{n =g}, for ny € C, are connected and
contain the point (£*,179), and
(c) K ={neC]| (¢, n) € K} is Cauchy-viable with respect to n = n* (i.e. it
possesses a neighborhood basis of simply connected domains.)
Simple yet noteworthy examples of sets K with these properties include the point
(&*,n*) and any closed polydisk containing (£*,7n*).

Our previous definitions and results, which were given for O((2), also hold with
O(K) instead. Our main reason for focusing on O(K) rather than O(Q) is that the
latter cannot be a unique factorization domain.

We call (Py, P1,...,Py) a lowest terms representative of [Py : Py : -+ : Py] if
Py, Py, ..., Py have no common irreducible factors in O(K). By our assumptions
on K, a lowest terms representative exists and is unique, up to multiplication by a
unit in O(K). The following reveals a useful subclass of lowest terms representatives
for solutions of (4.7).

Lemma 4.3. Let Qo,Q1,...,Qn € O(K), with Qo not identically zero and K
satisfying the assumed properties of this section. If [Qo : Q1 : -+ : QnN] satisfies
the general h.s.w. equations (4.7), then there exist Py, Py,...,Py € O(K), with
Py not identically zero, such that (Py)e =0 and (Py, P1,--- ,Pn) is a lowest terms

representative of [Qo : Q1 : -+ : QN].
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Proof. Assume for sake of contradiction that there is no lowest terms representation
satisfying the conclusion of the lemma. Let (Py, Pi,---,Px) be a lowest terms
representation of [Qo : @1 : -+ : Qn]. Then there exists an irreducible r in O(K)
that divides Py such that (ur)e # 0 for every unit v in O(K). Let n be the largest
positive integer such that r™| Py, and let k be the smallest positive integer such that
T [Py. Let o = Py(P1)¢ — (Po)e P1 + Po(Py), and note that

(4.8) Po[(Pes1)ePo — Prg1 (Po)e + (Pi)yPo] = Prov.
Since 727~ ! divides the left hand side, it divides a. Next note that
(4.9) Py1a = (Py)eP§ — Pu(Po)ePo + (Po1)n Py,

which holds due to the general h.s.w. equations if £ > 1 or holds tautologically if
k = 1. The left-hand side is divisible by 72", as are the first and third terms on the
right-hand side. So 72"|P(Py)¢ Py, and thus r"|(FPp)e. Applying the product rule
to a factorization of Py shows that r|r¢. Therefore r¢ = cr for some ¢ in O(K).

Let (€0,m0) be a point in K where r vanishes. (If no such point exists, then r is an
unit.) On some neighborhood of (&g, 70), it holds that r(&,n) = r(&o,n) exp(f;0 c(&,n) dg’).
Thus r vanishes along n = 79 near (£y,79). Since K N {n = no} is connected, it
follows that r is zero along K N{n =mng}. As r is irreducible, this implies that r is
the product of (n — np) and a unit in O(K), achieving the desired contradiction.

U

Remark: As one consequence, Lemma 4.3 shows that the pole set of a meromor-
phic Whitney multifunction shockwave solution on K lies in a finite union of lines
of the form {n = n,}.

We say that Py, Py, ..., Py satisfy the refined homogenized multi-shockwave sys-

tem of equations, or the refined h.s.w. system of equations, if
(4.10) Po[(Pr+1)e + (Pr)y] = Pi[(P1)e + (Po)y), for 1 <k < N,and (Fp)e =0,

where Py is regarded as 0. We say that Py, P, ..., Py satisfy the special ho-
mogenized multi-shockwave system of equations, or the special h.s.w. system of

equations, if there exists a holomorphic function p such that
(4.11) (Pk+1)§ + (Pk)n = uPy, for 0 <k < N, and (Po)g =0,

where Py is regarded as 0.

When (P)e = 0, the general h.s.w. equations reduce to the refined h.s.w. equa-
tions. So Lemma 4.3 shows that every solution to the general h.s.w. equations
(4.7) in O(K) has a lowest terms representative that satisfies the refined h.s.w.
equations (4.10). This particular representative can be described in a number of

other equivalent ways.
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Lemma 4.4. Let Py, Py,...,Py € O(K), with Py not identically zero and K

satisfying the assumed properties of this section. The following are equivalent.

(1) Py, Py,..., Py satisfy the refined h.s.w. equations, and Py, Py, ..., Py have
no common irreducible factors in O(K).

(2) Py, Pr,...,Pn satisfy the refined h.s.w. equations and Py divides ((P1)¢ +
(o)) in O(FY).

(3) Py, Py,..., Py satisfy the special h.s.w. equations.

Proof. First we establish the equivalence of 1 and 2. Assume 1 and let r be any
irreducible factor that divides Py with a positive multiplicity m. There exists a
k > 1 such that » /Px. Thus, by the refined h.s.w. equations (4.10), r divides
((P1)e + (Po)y), also with multiplicity m. It follows that Py divides (P1)e + (Po)y,
implying 2.

Assume 2. Let (Rg, R1,...,Ry) be a lowest terms representation of [Py : P :
-+ 1 Py] satisfying 1, which exists by Lemma 4.3. So there exists a non-zero
A € O(K) such that P, = AR;, for all i. Since (Ry)e = 0 and (Py)e = 0, it follows
that A¢ = 0. By the previous paragraph, the functions Ry, R1, ..., Ry also satisfy
2. By using that both Ry|((R1)¢ + (Ro)y) and Po|((P1)e + (Po)y) we obtain that
AlA;,. It follows that A is non-vanishing and therefore a unit in O(K). Thus 1 holds.
To conclude we establish the equivalence of 2 and 3. Assuming 2, it follows that
W= (Pl)&%o(ﬂ))” is an holomorphic function. Then (4.11) holds for k = 0 tautologi-
cally, and it holds for other k by dividing each of the refined h.s.w. equations (4.10)
by Py. So 3 follows.

Assuming 3, then (4.11) for k = 0 gives that (P1)¢ + (Py), = pPo. Therefore
Po|((P1)e + (Po)n) and the refined h.s.w. equations (4.10) follow by multiplying the
special h.s.w. equations (4.11) by Py.

O

Let Py, P1,...,Py € O(K), with Py not identically vanishing, such that [P, :

Py : .- : Py] satisfies the general h.s.w. equations. We call (Fo, P1,...,Pn) a
refined representative of [Py : Py : ---: Py], if (Py)¢ = 0. We call (Py, Py,...,PN)
a special representative of [Py : Py : -+ - : Py] if it satisfies any one of the equivalent

conditions in Lemma 4.4.

If (Py, P1, ..., Pn) is a special representative of [Py : Py : ---: Py], then all other
special representatives are of the form (APy : APy : --- : APy) where A¢ = 0 and A
is a unit in O(K). (One may see this in the proof of Lemma 4.4.)

Suppose that Py, Py, ..., Py satisfy the special h.s.w. equations for a particular
p. Let A be a unit in O(K) such that A\¢ = 0, and let P, = APy for 0 < k < N.
Then ]507 ]51, ..., Py satisfy the special h.s.w. equations with & = pu + % in place
of p. Observe that fie = pe. So pe remains unchanged, whereas ple—¢+ can be
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modified. If we let A(&,7n) = exp(— f: w(&*,n') dn'), which is well-defined due to
our assumptions on K, then ﬂ|5:5* =0.

If Py, Py, ..., Py satisfy the special h.s.w. equations with a function p such that
ple=e= = 0, then we say that Py, P, ..., Py satisfy the canonical h.s.w. equations
and that (Py, Py, ..., Py) is a canonical representative of [Py : Py : --+: Py]. Two
canonical representatives differ only by multiplication by a complex number. This

discussion yields the following.

Proposition 4.5. With K satisfying the assumptions of this section, any solution
Py, P1,..., Py to the general h.s.w. equations in O(K), with Py not identically

zero, has a canonical representative.

5. AN EXTENDED SHOCKWAVE CHARACTERIZATION OF BOUNDARIES OF
HOLOMORPHIC 1-CHAINS WITHIN CP?

The focal point of this section is Theorem 5.1, which enhances the Dolbeault
and Henkin characterization for the case of CP? by employing meromorphic multi-
shockwaves in place of unramified holomorphic shockwaves.

Let (wo : wy : wa) denote homogeneous coordinates for CP%. We identify C?
with the standard affine portion of CP?, given by wg # 0, on which we may use the
affine coordinates (z1,22) = (w1/wp, wa/wp). We use the Fubini-Study metric on
CP? for the purposes as defining k-dimensional Hausdorff measure on CP? and the
mass seminorms for currents on CP?,

Let v be a closed, rectifiable 1-current whose support is contained in C? and
satisfies condition A;. The definition of rectifiable currents can be found in a
number of sources, such as the treatise by Federer [6] or the article by Harvey [10]
which is well-geared to the context of this paper. For the definition of condition
A1, one may refer to the work of Dinh [3].

Let V be a holomorphic 1-chain in (C]P’z\spt v, and suppose that V has a trivial
extension to a current in CP?. Viewing V as a current in CP?, we say that v bounds
a holomorphic 1-chain V within CP? or that ~ is the boundary of V within CP? if
dV =~.

Notes: (1) In order for V' to have a trivial extension, it is sufficient that V' have
finite mass [13]. (2) If v bounds V within CP? then, unless ~y is zero, V is not a
genuine holomorphic 1-chain in CP?. References to V as a holomorphic 1-chain are
correct when they are interpreted in (CIP’Q\ spt .

Let gey = 220 — & —mz1 and ey = wa — Ewo — nwy. The pair (§,7) can be
viewed as coordinates for an affine portion of (CP?), via correspondence to the

line g¢,, = 0. Define the projection 7, : C* — C by (z1,22) — 22 — 121, and let
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U, = {(&n) € C? [ £ & my(7)}. For (&) € Uy, we define
1 dge 1 / d(ze —nz1)
5.1 G _ [, % L [ dzmmnn)
(1) em =g [ = o [ a2
Theorem 5.1. For a closed, rectifiable 1-current v whose support is contained in
C2 ¢ CP? and satisfies condition Ay, the following are equivalent:
(i) 7 bounds a holomorphic 1-chain, with finite mass, within CP?,
(ii) 3 a point (£*,n*) with a neighborhood ) for which there exist non-negative
integers NT and N~ and holomorphic functions f;‘ for1 < j < Nt and
[ for 1 < j < N7 onQ, each satisfying the shockwave equation (4.1),

such that
o2 02 &2 N
(52) 852 G'Y(é-?’r}) = 862 Zf]+(§)n) - ij_(€7n)
j=1 j=1

(iii) 3 a point (£*,n*) with a neighborhood Q for which there exist non-negative
integers NT and N~ and holomorphic functions eg for1 <k < NT and
e, for1 <k < N7 on €, with both lists of functions satisfying the multi-
shockwave system of equations (4.4), such that

02 0?
(5.3) 2e2 G (&) = 5 (el (€m) —er (&)

(iii’) 3 an open set U C C such that any point (£*,n*) with any neighborhood
domain Q@ C U, N (C x U) satisfies the criterion given in (iii).

(iv) 3 a point (£*,n*) with a neighborhood  for which there exist non-negative
integers N* and N~ and holomorphic functions P,j'(f,n) for0<k<NT
and Py (&,m) for 0 < k < N~ on Q, with neither Py” nor Py being identi-
cally zero and both lists of functions satisfying the refined h.s.w. system of
equations (4.10), such that

(5.4) aiGy(f,n) _ (Pﬁ(f,n) B Pf(&n))_
g2 06 \ Py (&) Py (&n)

(iv’) Any point (£*,n*) with any neighborhood domain Q@ C U, satisfies the cri-

terion given in (iv).

Dolbeault and Henkin, in addressing boundaries of holomorphic 1-chains within
CP", originally established the equivalence of conditions (i) and (ii) in the case
that  is a closed, oriented, C? 1-chain in C?, and without taking the second partial
derivatives on either side of the decomposition (5.2) [4]. In their subsequent work,
in which they were considering boundaries of holomorphic p-chains within CP",
they introduce decompositions modulo &-affine functions [5], which produces a more
naturally equivalent statement. Dinh relaxed the regularity required for v to the

assumptions presented here [3].
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We note a corollary and some applications of Theorem 5.1 before proceeding to

its proof.

Corollary 5.2. Let v be a closed, rectifiable 1-current whose support is contained
in C2 C CP? and satisfies condition Ay, and let (&*,n*) € U,. Thre following are

equivalent:

(1) ~ bounds a holomorphic 1-chain, with finite mass, within CP?

(2) There exist germs of holomorphic functions Py, Pt ..., PX,} and Py, P, ...

at (£*,nm*), for some non-negative integers N* and N~ , with PO+ and Py
not identically zero and both lists satisfying the refined h.s.w. system of
equations (4.10), such that

0? _ & (Pf(&n) Pl (n)
(5:5) @& = op <P0+(5777) Po‘(s,n))

near (£*,nm*).

Remark: Replacing the refined h.s.w. equations in 2 of Corollary 5.2 with either
the general h.s.w., special h.s.w., or canonical h.s.w. equations would produce
additional equivalent statements.

We return our attention to Theorem 5.1. If (i) holds then the points (£*,1*) at
which statement (ii) holds is the complement of an analytic set in U, dependent
on the family of holomorphic 1-chains bounded by ~. (cf. Lemma 5.3.) It is
not immediately clear whether this analytic set could be directly discerned from -~y
without knowing the family of holomorphic 1-chains bounded by . Of course, if one
knows the whole family of holomorphic 1-chains bounded by =, then it is moot to
check (ii) to determine whether (i) holds. If we exclude such a priori knowledge, then
verifying (ii) would seem to require some serendipity (albeit generic serendipity) in
selecting (£*,7*) or, inversely, contradicting (ii) would require the consideration of
a suitably broad range of (£*,7*). In contrast, condition (iv), being paired with
(iv’), is free of such hidden obstructions, which permits one to arbitrarily fix (£*,n*)
in U,. (Note that U, depends on + in a transparent fashion.)

One can characterize whether v bounds a holomorphic 1-chain having prescribed
behavior near the line zp = £* 41"z according to whether G has a decomposition
at (£*,7*) bearing a corresponding set of constraints. This method follows from
the Darboux Lemma, i.e. Lemma 5.3, its various extensions, i.e. Lemma 5.4
and Lemma 5.5, and their converse. (For example, conditions on the degree of
positive and negative intersections with the line translate into conditions on the
degree of the positive and negative portions of the decomposition.) One may do
this with decompositions in the form of either (ii), (iii), or (iv). But when we fix
our attention on a specific line zo = £* + 1*27, then decompositions of the form in

(ii) make some impositions on the choice of prescribed behavior. (Specifically, this

Py
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forces the requirement that intersections of the holomorphic 1-chain with the line
zo = £" + n* 21 are locally component-wise transverse and that they do not occur
at infinity.) By using (iv) we avoid these impositions, thus it grants us a general
choice in prescribing behavior near the line zo = £* 4+ n*2;.

The remainder of this section is devoted to the proof of Theorem 5.1. For a
holomorphic 1-chain V' bounded by =, let Ty be the set of all (§,7) € U, such that
some local component of V' is not transverse to the line wy = Ewg + nwy. Also let
Jv to be the set of all ({,1) € U, such that the line wy = {wy + nw, intersects a

component of V' at the line at infinity wg = 0.

Lemma 5.3. Let V be a positive holomorphic 1-chain with finite mass bounded by ~y
within CP? and suppose that V has no components in the line at infinity wy = 0. For
any simply-connected domain @ C U, \(Ty Uy ), there exists a nonnegative integer
N and holomorphic functions f1, fa, ..., fn satisfying the shockwave equation (4.1)
on ), such that

02 9
(5.6) (&) = @;fj(g,m.
This lemma can also be called the Darboux Lemma. The following proof is
similar to that given by Dolbeault and Henkin [4](Lemme 2.3).

Proof. Let N denote the total degree of intersection between V' and the line wy =
&wp + nwy, which is constant for (£,7) in Q. As  is simply connected and disjoint
from Ty UJy, we may define holomorphic maps p;(&,n) from 2 to C?, for 1 < j <
N, such that p1(&,7n),p2(€,7),...,pn(€,n) are the points of intersection, counting
multiplicity, between V' and wy = {wq + nwi. Let f;(£,n) = 21lp, e.n)-

Let f = f; and p = p; for some j. Let (&,m0) € 2, and define h = f(&, o).
The point p(&o,10) = (h,&o + noh) is in the intersection of V and {z2 = (§y — 7h) +
(no + 7)21} for all 7 such that (§o — 7h,no + 7) € Q. Furthermore,

(5.7) f(& —7f(€0sm0),m0 +7) = f(&0,m0),

for 7 near 0. Differentiation with respect to 7 and evaluation at 7 = 0 of the above
yields that

(5.8) fe(€o,m0) (= f(§0,m0)) + (€05 70) = 0.

As (&0,1m0) was a general point in Q, we see that ffe = f, on Q.
It only remains to establish (5.6). Note that

(5.9) Gy(&n) = i/ w1 /o) IL <wld§£ﬂ7 - wldwo) '

2mi ), wo  Gem/wo 27i wode,n w?
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By residue calculations,

1 dg
(5.10) 1 / widgen _ 5~ W1
271 ), woge,n 7 Wo

+ Roo = ij(fﬂ?) +Rooa
p;(§;m) j
where R is the sum of the residues at wy = 0.

As f”/ %gwﬂ is constant with respect to ¢, it suffices to show that %(Rm) =0.
Consider a local irreducible portion of an analytic variety intersecting wg = 0. Such
can be locally parameterized by A — (A" : wy(A) : we(N)), with n > 1, for A small.
The residue for this portion of local analytic variety at infinity is

(5.11) Lo ( 51<ua-—nuu>——fnxn-1>

(n— 1)1 oxn—1 (wg —nwy) — €A™

A=0

It is a basic exercise to see that this is £-affine.
O

Lemma 5.4. Let V be a positive holomorphic 1-chain with finite mass bounded by
v within CP? and suppose that V has no components in the line at infinity, wo = 0.

For any domain Q C U, \Jy, there exists a nonnegative integer N and holomorphic

functions ey, ea,...,en satisfying the multi-shockwave equations (4.4) on Q, such
that

02 02
(5.12) @Gv(fﬂ?) = 875261(5’7])

Proof. As with Lemma 5.3, define N to be the degree of intersection between V' and
the line wy = Ewg + nw;. Define e, (£, n) on 2 to be the kth elementary symmetric
function of the z; coordinates of the intersections, counting multiplicities, between
V' with the line we = {wy + nw;. By symmetry, the functions ey are well-defined
on  and are continuous since Q& C U,\Jy. By local application of Lemma 5.3
and Lemma 4.1, the functions eq, es, ..., ey are holomorphic and satisfy the multi-
shockwave system of equations and (5.12) on Q\Ty. By a removable singularities
argument, [16] (Lemma 3), these properties extend to all of (.

O

Lemma 5.5. Let V' be a positive holomorphic 1-chain with finite mass bounded by
v within CP? and suppose that V has no components in the line at infinity, wo = 0.
For any domain Q C WU, there exists a nonnegative integer N and holomorphic
functions Py, P1,..., Pn satisfying the refined h.s.w. equations (4.10) on 2, such
that

0? 0% Py(&,n

() = S e

(5.13)
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Proof. Define N and holomorphic functions ey, e, . .., enx on Q\Jy as in Lemma 5.4.
Let €y be the finite set of all (£,n) such that V' has a component contained in the
line we = Ewy + Nwy.

Let (¢*,7*) € QN Iy\Ey, and define ¢ = (0 : 1 : n*), which is a point of

* *
w2 =& wo—n"w;

intersection between V and the line at infinity wg = 0. Let u; = o

and uo = '1“[’)—27 which can be used as holomorphic coordinates near ¢q. Let U be a
neighborhood of ¢ and let F'(u1,u2) be a holomorphic function on U such that the
divisor of F' is V. N U. We may suppose that U has the form {|u;| < 0, |ua| < €},
where ¢ and e are chosen so that V' does not intersect {|ui| < ¢, |uz| = €} and
such that V intersects the lines us = 0 and w; = 0 only at gq. Define Qy =
Qn{(&n) | €l§ =&+ |n—n*| < d}, shrinking § if necessary to ensure that Qp is
connected and disjoint from Ey .

Let m be the degree of intersection between V' and the line at infinity us = 0 at
g. In particular, m is the order of vanishing of F'(u1,0) at u; = 0.

Claim: There exists a constant C' such that

5.14 e;i(&,n) < ——,
( ) | J( )| |,'7 _ 7]* |7n
for 1 <j < N and (§n) € Qu\{n=n"}.
For the moment, assume that this claim holds. Let nj,...,n’ be all the values

of n* for which (0 : 1 : *) is a point of intersection between V and the line at
infinity, and let mq, ..., mg give the corresponding degrees of intersection between
Vand wo = 0 at (0:1:n5). Let Po(&n) = [T—i(n —n;)™ and P, = Poey
for 1 < k < N, which give holomorphic functions on Q\Jy that satisfy (5.13). By
Lemma 4.2, we see that Py, ..., Py satisfy the refined h.s.w. system of equations on
Q\Jy. Due to the claim above, each function P extends to a holomorphic function
on Q\(Ey NIy ), which then extends holomorphically to © as €y has codimension
two. The appropriate properties likewise continue to all of €2, thus establishing the
lemma. So it only remains to prove the claim.

Let (§,1) be an arbitrary point in Qy\{n = n*}. Let Ny denote the degree of
intersection between V' and the line wy = wy + nw; inside U, which is constant
for (&¢,m) in Qu\{n = n*}. Let ey x(§,n) be the kth elementary symmetric function
of the z; (or 1/ug) coordinates of the intersections, counting multiplicity, between
V and wy = &wy + nw; inside U. Let ¢y k(€,n) be the sum of kth powers of the
z1 coordinates of the same intersections. Define the standard generating functions
Ey(t) =1+ Zkle eukt® and Cy(t) = Y5, cuxt®!, which are related by the

equations Cy (—t) = gggg and Ey(t) = exp <f0t Cy(—7) dT) [14].
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Let He (X)) = F(((€ — &)X+ (n —n*), A)), which is non-vanishing on |A| = e.
For k > 1, define

1 1 H. (N
N Sl 7/ — e
( ) k(§ 77) 27 |Al=c Ak Hg,n()‘)

which is bounded for (§,7n) € Qu\{n = n*}. By basic residue calculations,

1 dk—l H/JI()\)
(5.16) cux(&m) = Sk(&,m) — (k—1)! d\k—1 (H;(A))

A=0

So
_N ko1 Hen()
(5.17) Cult) = kZ:l Skl& it — s
and thus
o~ —Sk(&,m) k) = (—DF H§(k17)(0) k
(5.18) Ey(t) = exp ZTH) > o (O)t .
k=1 k=0 : &m

)
. . .. HY) (0 )
Thus ey, is a linear combination of the elements of {H?"Eoi} using co-
s
0<j<k

efficients in terms of {Si(&,n)}. Since H¢,(0) = F(n — n*,0) is comparable to
(n —n*)™ and Héjg(O) is bounded for (&,71) € Qu\{n = n*}, it holds that there

exists a constant C' such that

(5.19) lev,k(€,m)

for 1 <k < Ny and (§,n) € Qu\{n=n*}.

Finally, note that e;(&,n) = >, aj—r(§,n)evk(§,m), where ar(&,n) is the (th
elementary symmetric function, counting multiplicity, of the z; values of the inter-

ISL,
I — n*|m™

sections between V' and the line we = {wg + nw; outside U. By the estimate (5.19)
and the fact that there are uniform bounds on the functions a,(§,n) for (£,7n) € Qp,
the claim follows.

]

Proof. (of Theorem 5.1). Assume that V' is a holomorphic 1-chain bounded by ~
within CP?%. By separating positive and negative components, we may decompose V'
into the difference of two positive holomorphic 1-chains V* and V~. Let v = dV +
and v~ =dV ™. Thus V=V*T -V~ and y =~ — ™.

Assuming (i) holds, then (iii’) and (iv’) follow as a result of Lemma 5.4 and
Lemma 5.5, respectively, being applied to V+ and V ~, with the former also requir-
ing the fact that inclusion in Ty is only dependent on 7 for (§,7) in U,. It is clear
that (iv’) implies (iv) and that (iii’) implies (iii).

Assume (iv). Reposition (£*,7*) and shrink Q so that P;” and P are non-

L . P _ P ooy s . .
vanishing on 2. By defining ez = ¥ and e, = e (iii) is satisfied, using
0 0

Lemma 4.2



24 RONALD A. WALKER

Assume (iii). Reposition (¢£*,7*) and shrink Q so that tV +ef ¢tV 14 fepns
and tV 4 etV ~1 4 ... + ey split into a product of monic t-linear factors in
the polynomial ring O(Q)[¢]. From the monic ¢-linear factors, each of which has
the form ¢t + f(&,7n), extract the ¢t-constant terms to yield holomorphic functions
i .,f]'\';+ and fi, fy,..., [y that satisfy (ii), owing to Lemma 4.1.

That (ii) implies (i) is shown in a paper by Dinh [3](Theoréme 7.4).

6. CHARACTERIZING DECOMPOSABILITY

Theorem 5.1 and Corollary 5.2 characterize the closed rectifiable 1-currents that
bound holomorphic 1-chains within CP? by the existence of certain “shockwave
decompositions” of G,. It is natural to inquire how one may determine when G,
has such decompositions or not. This section focuses on this issue, culminating
in Theorem 6.7 and the proofs of Theorem 1.1 and Theorem 1.2. We begin by
presenting some introductory definitions and by outlining our pathway to the final
theorems.

Let K be a non-empty, connected, compact set and let G € O(K). We say that
Pl Pt € O(K)and Py ,...,Py. € O(K), with P)" and Py not identically
zero, represent a h.s.w. decomposition (with signature (NT,N7)) of G on K if

both lists of germs satisfy the refined h.s.w. system of equations (4.10) and

0? 0% (P Py
(6.1) —G=_—= 71+_71_ )
o0& 0&% \ P, F,

We call Nt — N~ the degree of the decomposition, whereas we call N* + N~ the
absolute degree of the decomposition. A positive h.s.w. decomposition is a h.s.w.
decomposition with signature (NT,0), meaning that P, be regarded as zero and
0 - 92 (P
8¢z~ — a9z \ pf )

By Theorem 5.1 we see that v bounds a holomorphic 1-chain within CP? if
and only if G has a h.s.w. decomposition for any arbitrarily selected non-empty,
connected, compact set K in U,.

Assumptions on K: For the remainder of this section we assume that K is a

connected, Stein, compact set containing the point (£*,7*) such that

(a) O(K) is a unique factorization domain,
(b) K is Cauchy-viable with respect to £ = £*, and
(¢) K :={neC]| (¢, n) € K} is Cauchy-viable with respect to n = n*.

(See Subsection 2.1 for definitions and information regarding Cauchy-viability.)
These assumptions on K are stronger than those employed in Section 4, so the

results and discussion of Section 4 apply. It may be instructive for the reader
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to keep the case where K is simply the set {(£*,7*)} readily in mind, as it is
informative and dovetails with Corollary 5.2.

Let 1 be an element of O(K), and let N be a non-negative integer. We say
that u satisfies condition (*y) if there exists Py, Py,..., Py € O(K), with Py not
identically zero, such that

(62) (Pk;Jr])E = M-Pk - (Pk)nv for 0 S k § N, and (P0)§ =0.

where Py 1 is regarded as zero.
Positive h.s.w decompositions and condition (xy) are directly connected, as is

expressed in the proposition below.

Proposition 6.1. Let N be a non-negative integer, and suppose that G and p are
elements of O(K) such that pe = Gee. G has a positive h.s.w. decomposition with
degree N if and only if u satisfies condition (*n).

Proof. From the discussion concluding Section 4, there is no loss of generality to
suppose that pife=¢g« = 0.

If G has a positive h.s.w. decomposition, then there exist Py, Py, ..., Py € O(K)
satisfying (6.2) with some i € O(K) in place of . We may also assume, without
loss of generality, that fi|c=¢+ = 0. Since G¢e = g—; (%) = fig, it follows that
p= p.

If u satisfies condition (%), then it follows that G has a positive h.s.w. decom-
position with degree N owing to the definitions and the fact that (6.2) implies that
He = fes (%) U

Proposition 6.1 yields a subtle, yet significant, simplification. Identifying the
existence of a positive h.s.w. decomposition requires finding suitable solutions to
a system of non-linear first order partial differential equations, whereas verifying
condition (xy) involves finding solutions to a system of linear first order partial
differential equations.

Also it is worthwhile to note that (6.2) is an overdetermined system of partial
differential equations, consisting of N + 2 equations on N + 1 functions. Absent the
equation 0 = uPn — (Pn)y, (6.2) would yield an exactly determined initial value
problem using D, and taking Cauchy data on £ = £*. Similarly, removal of the
equation (Pp)e = 0, (6.2) would give an exactly determined initial value problem
using D,, and taking Cauchy data on 7 = n™.

In Subsection 6.1 we show that solutions to (6.2) correspond to the mutual solu-
tions of a certain linear equation and two particular systems of exactly determined
linear ordinary differential equations, one with respect to £ and another with re-
spect 7. This permits us to apply the results of Section 3. Doing so, we synthesize

our conclusions in Subsection 6.2, which shows, among other things, that condition
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(*n) on p is equivalent to a finite set of explicitly constructible partial differential

conditions on p.

6.1. An Ordinary Differential Representation of Condition (xx). The key
result of this subsection is that the solutions to (6.2) can be characterized as the
mutual solutions to a linear equation and two collections of ordinary differential
equations. These results are ultimately expressed in Theorem 6.4 and Theorem 6.5,
with an important identity expressed in Lemma 6.6.

We define the following objects for representing formal differential expressions.
Let $ denote the free Z-algebra with formal generators {D;Dg p}i>o,;>1. Forn >
0, let °U,, denote the free -module generated by the formal elements {Dé P;}o< j<i<ns
and let U_; be the zero module.

Given p € O(K) there is a uniquely defined (Z-algebra) homomorphism from
il to O(K) defined by mapping each formal symbol D:}Dg u to D%Dg u. Likewise,
given p, Py, P1,..., P, € O(n) there is a uniquely defined (Z-module) homomor-
phism from U, to O(K) defined by evaluation. We will use ® to denote the
evaluation homomorphism appropriate to the given context.

[Notational note: To consolidate certain cases into fewer equations, we may
employ, at times, the following notational devices. Let d, denote the Kronecker
delta function, defined as 1 when a = 0 and 0 otherwise. Let (") denote the usual
binomial coefficient when 0 < n < m, but with the definition extended to be zero
when n < 0 or n > m. A summation expression where the upper index is one less
than the lower index, e.g. Z?;; b;, is permitted, in which case it is simply treated
as an empty sum and regarded as zero.]

We start with the following basic identity. Its proof is automatic.
Proposition 6.2. Suppose that u, Py, P, ..., Py11 satisfy (6.2). For0 <m < N,
n >0,
Dg+1Pm+1 = D?(Mpm - (P’m)’r])
(6.3) «[(n n—j J n
:Z j (Dg 'N)(Dgpm) + (1 — Dy) (Dgpm)-
j=0

The following lemma captures a remarkable feature of (6.2) and its solutions.

Lemma 6.3. For 0 < k < {, there exists an element py o of Vr_1 such that
Dng = ®(py¢) whenever u, Py, Py, ..., Pni1 € O(K) satisfy (6.2) with N > k—1.

Proof. First we prove the case £ = k 4+ 1 by induction on k. This case is trivially

true for k = 0, since (Py)e = 0. Also one may see that it is true for k = 1 since
(P)ee = 2 (1Po — (Po)y) = pePo.
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Now assume that the statement holds for all non-negative k less than or equal
to k', for a fixed K’ > 1. By Proposition 6.2,

kl
’ kl —+ 1 ’ s . ’
K42 K +1 K1
64) DE*2Pyy =3 [( j )(DE I0)(DLP)| + (1 — Dy) (DE*1Py).
j=0

In the equation above, the summation term corresponds to a formal expression
in Yy, so we may simply direct our attention to the rightmost term. By the
inductive hypothesis, this term agrees with a Z-linear combination of terms of the

form (pu — D,,)(rD?Pm), where r € 4 and 0 <n <m < k'’ — 1. Observe that

(65) (1~ Dy)(rDEPw) = 1(st — Dy) (DY P) — (Dyr) D2,
n—1

=02 B = 3 | ()02 ) 02r)| - (DrD2E

Jj=0

using Proposition 6.2 in the last step. Thus (u — Dy)(rD¢ Py,) agrees with an
expression in Us. This proves the lemma’s statement for ¢ =k + 1.

Define D¢ as the map on %, that operates as formal differentiation on { and
satisfies De(DIP;) = DIt Py for 0 < j <i <k —1 and D¢(DiP;) = pi i for
0 <4 < k—1. Thus this map agrees with D, under evaluation, i.e. ®oD¢ = Dgo®.
Let py¢ = Dgefkfl(pwﬂ_l), for £ > k + 1, which concludes the proof.

(Il

So Lemma 6.3 reveals that there exist py ¢,;; € U such that

k—1 4
(6.6) D{Py =Y ®(preij)DLP;,
i=0 j=0

for 0 < k < ¢, and for all p, Py, P1,...,Pyy1 € O(K) that satisfy (6.2) with
N > k — 1. Furthermore, the proof of Lemma 6.3 expresses an explicit means
for recursively constructing pi.e; ;. In the appendix, we use this to generate a
constructive definition for p ¢ ; j, which is stated in (A.1).

Our fundamental interest lies in the case £ = k + 1. So to shorten notation, we
use vy ;.; to denote pg k41,:,5. From the derived recursion formula for py ¢ ; ; given

in (A.1), it follows that we may define vy, ; ; recursively as follows.

e For 0 < k and any of j < 0,4 < j, ori >k,

Vi,ij = 0.
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e For0<j<i<k,
U j o
(67) Vk,i,j = — Z ( 1) (Dgl ]M)kal,i,jl
Jji=j+1 J
k k—j
— (Dyvi—1,i,j) + Ok—1—i p (De ™ p) + vg—1,i-1,5-1-
Some examples of py r+1, as derived from this definition, are listed below.
P12 = (Dep) Po
p2,3 = —(DyDgp) Po + 3(Dep) (De Py) + (D) Py
ps,4 = (D2Dgp) Py — 4(Dy Dep) (De Py) — (3(Deps)” + (Dy DEp)) Py
+ 6(Dep) (D2 P2) + 4(D2) (DePy) + (D) P

For pand Py, P, ..., Py satisfying (6.2) with Py41 = 0, the following equations

are satisfied;

k=1 1
(6.8) De(DEPy) =Y Y ®(vgi;)DiP;, for 0< k< N,
i=0 j=0
N 1 _
(69) 0 = Zz(p(VN+l’i7j)D§Pi’
i=0 j=0

and, due to Proposition 6.2,

j .

610 D,(0LR) = 3 |(1) (08 (DL P)| DL P, for0 < j< i< .
3'=0

where Py 1 is again regarded as zero.

The equations (6.8), (6.9), and (6.10) can be expressed in matrix form. (Recall
the matrix and indexing protocol given in Subsection 2.2.) Let I = {(¢,7) |0 < j <
i} be an index set with the ordering < defined such that (i,7) < (¢'4') if and only
ifi =14 and j > j/ or i < i. In other words, < is the lexicographical ordering of
I, using a reverse ordering for the second entry. Let Iy = {(¢,7) |0 < j <i < N},
which is a finite subset of I. Let
(6.11) oy = [ Voo V1,1 V1o V22 cct V20 T UNN  Ctt UNO :
be a Iy x 1 matrix with entries in O(K). The entry v; ; will serve to represent
D{P;.

The equations of (6.8) can be expressed as D¢ty = AnUn, where Ay is the
Iy x Iy companion matrix with the following entry-wise definitions.

e For (0,0) = (4,7), (i, /) < (N,0) with i # j,



EXTENDED SHOCKWAVE DECOMPOSABILITY 29

e For (0,0) = (4,4), (¢, j') = (N, 0),
ANEZ:;;’) = v, ;+ (which equals zero if (i,7) < (¢, 5')).
Equation (6.9) can be expressed as Myvy = 0, where My is the 1 x Iy matrix
with the entry-wise definition MN(i’j) = UN41,ij-
The equations of (6.10) can be expressed in matrix form as D,tn = ByUy,

where By is the Iy x Iy matrix defined entry-wise by the unified equation,
(6.12) By =6 (L) DI 0 56
. N (i) i—i 4t e M i+1—i’0j4+1—57-

Observations: The matrix Ay is strictly lower-triangular with respect to the
ordering on Iy, and all of its entries are derived from expressions in 4. The matrix
By is upper triangular with respect to the ordering on Iy. The diagonal entries of

By equal p, while the entries above the diagonal are expressions in il.

Theorem 6.4. If Py, P, ..., Py satisfy (6.2) with Pnyy1 =0 and v, ; = DgPi then
Uy € ker(D¢ — Ax) Nker(D,, — By) Nker(My).

The proof simply follows from (6.8), (6.9), and (6.10). Also a stronger form of

the converse holds.

Theorem 6.5. If Uy € ker(D¢ — Any)Nker(D, — By) and P; = v; o for0 <i < N.
Then Py, Py, ..., Py satisfy (6.2) with Pyyq = 0.

Proof. Since ¥n € ker(Dg — An), it holds that Devg o = 0 and Dev; o = v;1 for 0 <
i < N. Since ¥x € ker(D,—By), it holds that D,v; o = pv; 0—v;41,1 for 0 <i < N,
and that Dyvno = pon,e. Thus the functions Py = vo,0, P = v1,0,-.., PN = VN
satisfy (6.2) with Py4q = 0.

|

One key point, to be used later, is that D¢ — An, D, — By, and My satisfy the

following commutator relationship.

Lemma 6.6. Let Ay be the Iy x1 matriz defined entry-wise by AN(M) =0;—NOj—N-
Then

(6.13) [D¢ — An, Dy, — By| = —AnMy.
Proof. Expanding the commutator yields that
(614) [Df—AN,Dn—BN] = (AN)W_(BN)§+ANBN_BNAN~
From (6.12), we calculate that
7;/’ -/ J Y
(6.15) (DgBN)Ei,jJ) R (j/) (DI ),

for general (4,7,) and (¢/,7') in Iy.
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To calculate the other terms of (6.14), we consider two separate cases. For the
first case, we assume that 0 < j <4 < N. Then

(6.16) (DnAN)E;;-% =0,
i'g’ i'5’ j+1 1
(6.17) (ANBN)E@;)) - BNEi,le) - 5H/< J' )(DZH T ) = Gip1-i iy,
and
LG im o )A iti< N
(6.18) (ByAn)( 7 = ( > (DI AN NeE
’ 0 ifi=N

J1=0

j Y
=i (j’ _ 1) (DE7) = bir—iv bz
Substituting these into (6.14) along with (6.15) yields that

(6.19) [D¢ — An, Dy — Byl 3"

[ () 05)- ()

for 0 <j<i<N and (i,5) € Iy.

For the second case, we assume that 0 < j =4 < N. Then

(6.20) (Dy, AN)(; 5 )= Dy i,

J1 -5
(6.21) (ANBN § Z Z Vijitga ( i i’ (j/)(Dél T ) = Giy 1 j1+1j’>

11 0_]1 0

S/
K2

W\ s
= > <~/ (DL @) vigir g+ Wiir jr — Viir—1,51—1
Jji=j'+1 J

T N
= /'[/l/l i V1+1 PN Dnyiﬂ'/,j/ +6Z—7/< j/ )(Dé"rl J /,[/),

using the recursive definition (6.7) for v; 41 j in the last equality, and

(622) (ByAn)()
N i1—1 .
= Z Z <5i—¢1(?>(D2jlﬂ) - 5i+1—z’15i+1—j1> iy —ir 0y +1—j
i1=0 j1=0 J1
+) (5”1 (u) (D" ) = 5i+1i1) Vig,it,j7
i1=0

7 Y Vit1,i,5 ifi< N
= 674‘71‘/ ( ., ) (Dz J +1,U/) + ,U/V,L‘,ilyjl o 1 v, )
J 0 ifi=N
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Substituting these into (6.14) along with (6.15) shows that

(6.23) [De — An. Dy — Byl 3"

i i+1 { i 1
o {_ (a) i ( J' ) - <j' - 1)] (D ") = dimnvn1in

= — 8N My,

for 0<j =i <N and (7,j) € In.
0

6.2. Concluding Synthesis. Lemma 6.6 and the strict triangularity of Ay and
By (when pigle—¢~ = 0) place us in a situation where we can apply the results
of Section 3 for determining when ker(D¢ — An) N ker(D,, — By) N ker(My) is
non-trivial.

For a Iy x 1 matrix ¢ with entries in O(K), let Tn(¢)) = De(¢)+¢An, Un(¢) =
Dyy(¢) + B, and Uy (¢) = Dy(v) + ¢(By — p1dy).

Theorem 6.7. Let N be a non-negative integer. Let K be a compact set containing
a point (£*,nm*) that satisfies the assumptions given at the beginning of Section 6,
and suppose that u € O(K). The function u satisfies condition (xn ) if and only if
WEN’UN (My) = 0 for every Young diagram (two-dimensional Young-like set) Y of
cardinality |Iy| = (N2+2).

Proof. The entries of U I%(T]JV (My)) are differential expressions of ¢, and thus so
are the expressions produced by WEN U (Mpy). Due to this and the discussion
concluding Section 4, it suffices to consider the case when p|e—¢- = 0.

By Theorem 6.4 and Theorem 6.5 we have that u satisfies condition (xx) if and
only if ker My Nker(D¢ — An)Nker(D, — By ) is non-trivial. Note that Ay, By, and
My satisfy the conditions for Corollary 3.9. So it follows that p satisfies condition
(*n) if and only if WgN UN(My) = 0 for every Young diagram Y of cardinality
|In]. For any Young diagram Y, one may transform the matrix MgN’UN (My)
via elementary row operations into the matrix Mg;” U (My), which implies that
W UN (M) = Wy U (M),

([l

Theorem 6.7 yields Theorem 1.2 as a special case. Now we prove Theorem 1.1.

Proof of Theorem 1.1. If v bounds a holomorphic 1-chain V', then by separating the
positive and negative components of V', we may define two positive holomorphic
1-chains V1 and V—, without any common components, such that V =V+ -V~
Then define v© = dV* and v~ = dV~. Owing to the properties of condition Aj,
such as those exhibited in [3](Section 1), if there exists an arc common to y* and

~~ with the same orientation, then V* and V'~ have components that locally agree
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somewhere, which is contrary to the construction of V™ and V~. By Lemma 5.5

and Proposition 6.1 we see that u* and u~, as defined in the theorem, both satisfy

condition (*y+) and (*x-), respectively, for large enough Nt and N~.

The converse result follows simply from Corollary 5.2 and Proposition 6.1. [

Remarks:

(1)

(2)

(6.24)

When determining whether v bounds a holomorphic 1-chain that has only
positive intersections with the line zo = &* + 1%z, i.e. taking N= =0, it
suffices to consider simply the decomposition v+ =~ and v~ = 0.

A notable feature of Theorem 1.2 is that it characterizes whether p statisfies
condition (xy) using purely differential conditions on j¢. There exist other
characterizations of condition (xx) using integro-differential equations. We
briefly outline here one related approach that was detailed in [18]. Let Ky
be the fundamental matrix of D¢ — Ay normalized at £ = £* and let Ly be
the fundamental matrix of D,, — By normalized at n = n*, both of which
can be constructed from Ay and By by integration. Lemma 6.6 can be

used to show that Ky and Ly provide changes of variables such that

L' Ky (ker(De — An) Nker(D,, — By) Nker(My))
= ker(D¢) Nker(D,) Nker(MyKnLy).

Therefore (x) holds if and only if the entries of My Ky Ly are linearly de-
pendent. The entries of K and Ly can be expressed as integro-differential
expressions of u¢. And since linear dependence of holomorphic functions
can be expressed in terms of generalized Wronskians, which are defined
using differential operations, one can obtain an integro-differential charac-
terization of functions satisfying condition (x) [19].

An interesting application of the Dolbeault Henkin characterization within
CP? to the Inverse Dirichlet-Neumann problem on bordered Riemann sur-
faces is presented in [12]. That work also contains a characterization of the
trace, i.e. e; in our terminology, of an algebroid multifunction solution to
ffe = fn. Use of algebroid multifunctions eliminates some but not all of
the genericity restraints on (£*,7*). (As in (iii’) of Theorem 5.1, generic-
ity of £* can be eliminated, but genericity of n* is retained.) The related
characterization statement (Theorem 4 of [12]) is formulated in terms of
the existence of holomorphic functions of n that satisfy a certain integro-
differential equation.

If v is a simple, closed curve, then v bounds a holomorphic 1-chain if and
only if G, or —G, satisfies (xx) for some N. Example 3.2 of [11] yields

something similar to this remark for (C]P’Q\C]P’O via an approach using a
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different arrangement of integral functions instead of G.,. By Corollary 4.2
of [20], along with the Hadamard criteria for rationality as discussed in [21],
one obtains a related result for C x CP' that is expressible in differential
terms.

(5) Consider the case where - is a finite 1-chain with finitely many self-intersections.
Let {~;} denote the finite family of simple closed oriented curves whose ori-
entation locally agrees with that of v. There are only a finite number of
ways that v can be decomposed into v+ —~~ as described in Theorem 1.1,
as 7T and —y~ must be positive linear combinations of the curves from
{~;}. So, in this case, determining whether v bounds a holomorphic 1-
chain for a prescribed NT and N~ would involve only a finite number of
partial differential equations on {G,}. (However, the number of ways that
~ can be decomposed into v© — v~ depends exponentially on the number

of curves in {v;}.)

So Theorem 6.7 yields a finite set of explicitly calculable partial differential
conditions that are together equivalent to condition (xy). It may be possible to
reduce the list of conditions. When considering general ¢, the collection of Young-
diagrams required for Corollary 3.9 cannot be reduced (See [19].) But the specifics
of My, Ay, and By may limit the range of possible shapes for Y in Theorem 3.6
and so reduce the number of Young diagrams needed for Theorem 6.7.

To illustrate the previous comment, we discuss the case N = 1. With Theo-

rem 6.7, we need no more than the following row matrices.

My = [—pey e Iee ]
Ti (M) = [—peen + Bpepie dpge Meee ]
TP (M) = [~pegen + 10pugepe Bpueee Heeee ]
T1(My) = [~ peqn Apen peen + Bpiepie ]
v12(M1) = [—Hennn Dhtgnn Pegnn + 10pen g ]

We claim that M; and T3(M;) are linearly independent over M(K), unless
pe = 0. Suppose for the sake of contradiction that pe # 0 and that M7 and T3 (M)
are linearly dependent over M(K). Neither M; nor Ty (M) is identically zero, so
there exists a k € M(K)\{0} such that T3 (M;) = kM;. From this we may deduce
that

1 1
(6:25) 0= (Dg — k) (dpec — 3kpie) — Apeee — hpee) = (= 5* + ke) (ue).



34 RONALD A. WALKER

Therefore ke = 1k%. Also we derive that

(6.26) 0= (D¢ — k)(—peeq + 3 + kpey)

3
= —pigeen + Opeetic + 2kpeen — 3kpg — Zkzugn,

and that
1
(6:27) 0= Dy(ueee — knge) + 5 (Dn(k) — kDy)(4pee — 3kpe)

3
= Heeen — 2kpeen + 1/@2#&-

From these two equations we see that 0 = 6pueepe — 3k’ug. Since 4pee = 3kue,
it follows that k,ug = 0, which yields a contradiction. Thus M; and T7(M;) are
linearly independent over M(K) if pe # 0.

By the above, and owing to the construction of Y in Theorem 3.6, it follows that
we need only to consider the Young diagrams of cardinality 3 that contain (0,0)
and (0, 1), namely {(0,0),(1,0),(2,0)} and {(0,0),(1,0),(0,1)}. Consequentially,
u satisfies (x1) if and only if

—ten Sue  peg
(6.28) —Heen + 3pepe  Apee peee | =0,
—pegen + 100 e Spgee  frecee

and

— e 3pig Peg
(6.29) —fgen + 3pepe  Apiee Heee =0.

—Henn dpgn  preen + Shghte

For general N, we conjecture that the row matrices My, T (My), ..., TH (My)

are linearly independent over M(K), if pe # 0. If this conjecture holds, then from
the construction of Y in Theorem 3.6, it follows that we may adjust Theorem 6.7 to
use only the Young diagrams of cardinality |I x| that contain (0,0), (1,0),..., (N,0).

Via a fairly lengthy calculation not presented here, the author has verified this
conjecture for N = 2, i.e. the row matrices My, To(Ms), and T&(Ms) are linearly
independent over M(K) if u¢ # 0. For N = 2, restricting to the Young diagrams
of cardinality 6 that contain (0,0), (1,0), and (2,0) would reduce the number of

Young diagrams to be used from 11 to 7.

APPENDIX A. DERIVATION OF EXPLICIT FORMULAE FOR pj ¢

In this appendix we derive explicit recursion relations defining py, to satisfy
Lemma 6.3 and we point out an identity that is a practical help in calculation.

We define py, ¢,; ;j recursively for 0 < k < ¢ (and ¢,j € Z) as follows;
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e For 0 <k < /{ and for j <0,7<j,ori>k,
Prtij = 0.

e For0<k</land 0<j<i<k,

(A1) preig =
-2 6 1 7 ]
- l—1—j 1 i
> ( , >(D5 T pk-1grig— Y (.)(Dél W) pre—1,0-1i.;
gk N I =1 N

{—1 1
+5k1i< i )(Df YI0) = (Dypr—1,6-1i5) + Pr—t,e—1,i-1,j—1-

(One can verify that the above constitutes a valid recursive definition by induc-

tion on k.)

Theorem A.1. Lemma 6.3 is satisfied by defining

i

k-1
(A.2) Pk = Z ZPk,Z,i,jDZPia

i=0 j=0

for0<k</.

Proof. Assume that p, Py, P1,..., Pyy1 are general functions satisfying (6.2) for
N >k — 1. We prove the theorem by induction on k. Note the the theorem holds
clearly in the case k = 0 (since (Pp)e = 0).

Assume that the theorem holds with k replaced by &’ for a &’ such that 0 < k¥’ <
k. By Proposition 6.2,

RIS (‘) awg |

ji=k Ju
=1, g _ _
# 3| () 0o ]+ - D)L A,
j1=0
which equals, by employing the inductive hypothesis,
£—2 k=2 i

S (1ot s

gk [N i=0 j=0

N %—1 " [5k_1_i (f . 1) (Df_l_ju)(Dgpi)}

+
|
—
S
3
D
el
L
~
|
_
.
[
~
—~
-
M,
Ny
~
+
s
=
L
~
|
-
S
&,
/N
—
=
|
S
3
~—
-
ms,
U
N——
[E—
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By regrouping terms and using Proposition 6.2, this is equal to

k—1 1 -2
l—1 1
> l( > < )(Df R ) k1

=0 =0 L \ ji=k \ J1

/—1 e .
+6k—1—i( j >(D§ ! J,u)(ank—l,e—l,i,j)>D§P¢

k=2 i a1,
D o [ DO P =) (J.)(Dél WDl ||
i=0 j1=0 J=0

producing, by interchanging or re-indexing summation operations,

k—1 1 -2 g 1
_ 1
> l(Z( , )(Dg M) =151
i=0 =0 L \ji=k \ /1

C=1Y\ e-1-j
+ Or—1-4 i (D¢ 1) = (Dypr—1,6-1,6,5) + Pr—1,0-1,i-1,:-1

‘ jl S .
- Pkul,z‘,m(j)(Dél Ju)>D§Pi

Ji=j+1

b

which equals, by the definition (A.1) of pg e ;,
k=1 i

(A.3) >3 [pk’@’i,jpgpi} .

i=0 j=0
O

Remarks: The definition of py ¢ according to (A.2) agrees with the approach
used the proof of Lemma 6.3. In the case that £ = k 4 1, the proof of Theorem A.1
is simply the proof of Lemma 6.3 plus “bookkeeping”. For ¢ > k + 1 it also
holds that pg e equals Dg(pke—1), according to the definition of Dg in the proof
of Lemma 6.3. However a proof of this requires showing the identity pi.e41,4,; =
De(presij) + Proeyij—1 + Zf;iﬂ Ph,e,it i Pit it +1,i,5 Tor 0 < j <4 < k < £, which
requires a rather arduous calculation that we omit here.

We also mention the following identity, which can help simplify calculations of

Pk,t,i,5-
Theorem A.2. For j >0 and 0 <k </,
14
(A4) Prtig = \ ;) Pe=st=si=s0-

Proof. If k < i or ¢ < j, the identity holds trivially. So we may suppose that
0 <j<i<k<{ Onemay calculate that

j .
l—jp—1 1 O\ e-1-j
(A.5) Pit1,0i,5 = Z ( . )(Df ) = (-)Dﬁ T,

e AN A j
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which is sufficient to prove the identity in the case k =i + 1.

We proceed by induction on k—1i. Assume that the identity holds when k—i < m
for some m > 2 and suppose that k—i = m. (What remains is a technical calculation
that we simply summarize.) Apply the definition (A.2) recursively (j + 1 times) to
its left-most term py_1,¢—1,;—1,j—1 to generate a formula for pj ¢ ; ; where all of the
terms involved can employ the inductive hypothesis. By broad application of the
inductive hypothesis, substantial use of the properties of binomial coefficients, and

some summation manipulation, the identity follows.

O
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